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USING THE MULTIVARIABLE CHAIN RULE

Findin'g the derivative of an expression with many occurrences of x is a major app
the‘ mult‘n'ariable chain rule. The usual computation, using extraneous variables.
vanousAS}de calculations and bookkeeping chores. This paper ;estazes the multivariable chaip rule
{0 provide a simple straightforward method of computation. Informally. the computation states

that

The dericanre of an expression wih many occurrences of x is the sum of the derivatives of the

expression with respect to each separate occurrence of x.

Thomas and Finney [1) (Pp- 600-603) contains a standard statement of the multivariab

rule and its application to computing derivatives,

We consider functions f(x, ... x,) and are interested in Df(x.. . ... v) where D denotes
differentiation with respect to x. Since dx,/dx =1 (i = 1... .. ny,
af |
Df(x...... )=y L1
a":l f(\. SR

When computing each d//3x, the other variables are kept constant. This is signified by replacing

the other variables by ¢, x being resubstituted for ¢ after the differentiation.

With this agreement about the relation between x and ¢. we obtain the following application

of the multivariable chain rule to functions of the form Slxoo .. X ).

THEOREM. [f each of
Df(x.c....‘c)'Df(c..\‘..”,c) ..... Df{c.c.... x)

exisis and is continuous in an interval contuining ¢, then

Df(x.x,...,x)= Df(x.c.....c) + Df(e.x.....c)~ . =Df(c.eo. ... :

The usual product and quotient rules for derivatives casily follow {rom the

Theorem. In

addition, an “exponential rule” for Df(x)¥ "' can be obtained. Here are some a lications of the
p Pp

Theorem.
EXAMPLES:
(1) Dxe'/sinx = Dxe‘/sine + Dce’/sine = Dee' /sin x
=e'/sinc + ce'fsine + ce'( — 1 /sin xJcos v
=e'/sinx + xe'/sinx — e cos X/sin” x.
(2) Dx* = Dx + pev + D¢t
=cx“ U i(lne)evex ! +(Inc)e (Ineer)
- x\x(\‘—f) + .‘C‘X\\ ]HX + V\.\X\' lnl X,
(3) Df/“)g(x,l) dr = Dfﬂ l.)(g(c, 1) dr + D/fmg(.r.t)) di
_ ) , /(()ig i
= ele /NSy + [T ey a
B /() 3
=g(x,f(x})f(x)—’rf :9-%(.1"1)41,
4) [ (u,0)dudv = D cdv ) ut)du+ D “c/z‘ t/'(u.z' du
( L[t [ [ 7ue) [ de [t

=/(;Cf(,t,tf) dv +ft}‘f(u,_r)du
=/Oxf(x,v) dv + ]:/( u,x) du.

The Theorem also applies to expressions involving determinants. inner products.
products. ‘



