From Discrete to Analytic Inequality

Abstract: Mathematical folklore proposes that every discrete inequality has an analytic
analog. We formalize this intuition with some theorems that have many classical inequalities as
corollaries. Our sampling of interesting inequalities may be of independent value and some of
our analytic analogs may be new.

Our motivation is that integrals are basically sums and therefore sum inequalities should be
valid for integrals too. Applying the discrete inequality to Riemann sums does not work, it must
be applied to “Riemann analogs”, basically the sums without the interval length multiplier. A
homogeneity condition is needed to convert the “analogs” to sums.

A key insight is we must start with a very general inequality valid for all n and all collections of
n-sequences. The method also applies to inequalities where the sequence must satisfy special
conditions (e.g., monotonic, convex) if the condition on functions imply that their Riemann
analog sequences satisfy the analogous special condition.

0. INTRODUCTION. Mathematical folklore proposes that every discrete inequality has an
analytic analog. We formalize this intuition with some theorems that have many classical
inequalities as corollaries. Our sampling of interesting inequalities may be of independent
value and some of our analytic analogs may be new.

Our motivation is that integrals are basically sums and therefore sum inequalities should be
valid for integrals too. To my surprise, | found the situation is slightly more complicated.
Applying the discrete inequality to Riemann sums does not work; it must be applied to
“Riemann analogs”, basically the sums without the interval length multiplier. A homogeneity
condition is needed to convert the “analogs” to sums.

The method also applies to inequalities where the sequence must satisfy special conditions
(e.g., monotonic, convex) if the condition on functions imply that their Riemann analog
sequences satisfy the analogous special condition. A key insight is we must start with a very
general inequality valid for all n and all collections of such n-sequences.

We assume a fixed interval [a, b] and n is always a positive integer. f and g denote n-

sequences. ]?:(fl,..., f.)and §g=(9,,...,d,)- f and g denote arbitrary (real valued) functions

continuous on [a, b] which implies that I: f (t)dt and I:g(t)dt always exist.



We consider inequalities of the form R(X,Y)< S(X,Y)where X and Y are replaced by sums

n n
inand Z y.. Rand$S can not explicitly contain n since we take lim to pass from sum to

i=1 i=1 n—o
n
integral. Some discrete inequalities do contain n which must be replaced by Zl. Passing from
i=1
b
discrete to analytic inequalities replaces n by b—a because I 1 dx=b—a. To simplify
a

statements and proofs we restrict ourselves to results for two variables, X andY . Itis clear
that similar results are true for arbitrary n variables, X, X,...,.X . The Dominated convergence

theorem and the density of continuous functions with compact support in
'[a,b] and L* (—oo, +0) allows our results to be lifted to Lebesgue integrable functions (and

hence to convergent infinite series of I*).

Marcus and Minc [1] is our basic reference for inequalities and Stewart [2] is our basic
reference for calculus notation and concepts.

Riemann sum for function I f (t) refers to the right reqular Riemann sum
n | -
R,=>'f {a+—(b-a)j-ﬂ.
i1 n n

E, R = z f(a)A,. Note that

i
Defining & =a+—(b-a)and A, =
n i=1

a, depends on both i and n, but A depends only on n. Note also that nA, =b-a.

Definition 0.1. Given a function f, define A f. (i=1..., n), the i-Riemann analog of f by

n

nfi: f(al)so' RnZZnFi An'

i=1

Do not confuse  f. with f.. f is the i-th term of the sequence f . Many of our proofs

substitute , f, for f. in discrete inequalities.
N b
Lemma 0.2. lim Z:‘ A= fdt

To illustrate our techniques and motivation, we state and prove theorem 0.3. Our main result is
theorem 1.4.



Theorem 0.3. Let S(X,Y) and T (X,Y) be continuous at(j: f (t)dt, Lb g(t)dt). If for all

f and g

(0.4) S(Zn:fi,i ijsT(i: fi,ggij,

i=1 i=1

then s(j:f(t)dt, j:g(t)dt)sT(j:f(t)dt, j:g(t)dt).

Proof 0.3. The proof exploits the extremely strong condition that the hypothesis inequalities
hold for all pairs of n-sequences. Substituting f, = f, A, and g, =g, A, in (0.4),

o S(gn i An’zllngi A“jST(gnfi An’gngi An].

Taking lim, the conclusion follows from lemma 0.2 by the continuity of S and T.

n—w |

Theorem 0.3 looks impressive, but it does not yield the classical inequalities which involve

n n
expressions like Y f,g; and >_ f,*. The substitution in (0.4) does not yield Riemann sums. We
i=1 i=1

must add the condition that S and T are homogeneous of the same degree.

1. MAIN RESULTS. To simplify statements and proofs we state theorems for the case of two
functions, ¢,(x,y) and ¢,(X,y), of 2 variables. It is clear that they are valid for m functions

@1, Of p variables o(x,...,X,) .
Lemmal.l. ¢(,f,,0;) isthei-Riemann analog of ¢[f(X),9(Xx)].

Lemma 1.2 justifies ending a proof of an analytic inequality after establishing the
corresponding Riemann sum inequality for arbitrary n. We assume that each integral

Ib¢[f (), g(t)]dt exists. So, by lemma 1.1,

lemma 1.2, 1 ¢(, 1,.,0) &, = [ o[ (0 9],

a

Definition 1.3. A function S(X,Y) is homogeneous of degree d if Wt S(tX,tY)=t‘S(X,Y).



Theorem 1.4 (Main Theorem).

Let S ( X ,Y) and T( X ,Y) be homogeneous functions of common degree d, continuous at

(gpl[j: f (t)dt, j:g(t)dt],q;z[j:f(t)dt, j:g(t)dt]). ifforall f,g,and n

(1.5) S(Zn:("l(fwgi)vzn:%(fi’ gi)j <T (i¢l(fi’ gi)!i¢2(fi’ gi)j’ then
s([[att ot [l on(f.0)at)<T ('l F. o) [ (T 00k |

Proof 1.4. Substituting the Riemann analogs , f, and g, in (1.5) and multiplying by A", by

homogeneity,

S(i¢1(n fi' ngi)'An’iwz(n fi’ ngl)An]ST[i(Dl(n fi’ ngi)'An’i¢2(n fi' ngi)'Anj'

and the theorem follows from lemma 1.2. [

The discrete inequalities (1.7.A.1) and (1.7.B.1) are in Marcus and Minc [1], pp 108 and pp 109.

Corollary 1.7. Forall f and g

A. (Holder inequality). If p and q are positive with l+1 =1.
P q

o

- Fras(Sr] (Sr)

2. [ t®g@de s(j:| fI° (t)dt); (j:|g|q (t)dt)‘l’.

B. (Minkowski inequality). Vp >1.
1 1 1
1 (Siear] <(Si0r |+ Sar ]
i=1 i=1 i=1

2. (jb| F)+g) dt)'1° s(j:| f° (t)dt)'l’ +(j:|g|" (t)dt)i’.



Proof of 1.7.A.2. Taking ¢,(f,,0,) = f.0;, »,(f,9.)= |f.|".and @,(f,,9;) =|g)|", the inequality

is of the form

i=1 i=1

S1a( (3]

1
X <YPZ9,
111
S and T are homogeneous of degree 1 since tPt% =tP 9 =t', [
o 1
Proof of 1.7.B.2. Similarly, S and T are homogeneous of degree —. [ ]
P

All our proofs are based on theorem 1.4. Homogeneity allows us to multiply by A °, converting
Riemann sums to integrals. It is easier to just do the algebraic manipulations suggested. Witness

Second proof of 1.7.1.

Q-

n

S50 (1)

i=1

| |
1 1
n n o 1 n a 1
>t a5 S0 o2 (Sl [ o
i=1 i=1 i=1
Taking p=2 with g=2 in the Holder inequality and p =2 in the Minkowski inequality,.
Corollary 1.8.
. . b 2 b.o b 5
A. Cauchy-Schwarz inequality. D f(t)g(t)dt} <[ 2@t g* Oct
. . . b 2 1 b,y 1 b, 1
B. Triangle inequality (ja[f(t)+g(t)] dt)2 s(ja f2(t)dt)? + (Lg (t)dt)?

Xiang [3] provides more precise versions of the Cauchy—Schwarz inequalities. Its real content is
lemma 1.9 with his clever, beautiful proof . Our restatement (theorem 1.12) of his analytic
version is immediate from Theorem 1.4.

Lemma 1.9 (Xiang ).



f2>g9,%

Definition 1.10. Define

F2()=g° (%) +| F°(x) - g° ()

2_gi2+‘fi2_gi2‘

f.
A hi (0= and h; (i) =—

2 2

B. h; ;(X)=h;(x) and h; (i) =h; () .
Lemma 1.11. h; (X) is continuous.

A. i ()= f?(x)—g®(x) when f?(x)>g?(x) and O otherwise.

B Y (17-92=3 0, ()

f2>g?
C. h"(,f,,9;) isthei-Riemann analog of h{  (X).
D. Analogous results hold for h;  (X).

Theorem 1.12 (Xiang ).
2 S(I:max[fz(t),gz(t)]dt) (j:min[fz(t),gz(t)]dt)z
s( [ fz(t)dt) ( j:gZ(t)dt)—( J.:hf*’g(t)dt)( j:h;,g(t)dt).

Proof 1.12. Restate lemma 1.9 as

(jb f(t)g(t)dt)

][ > (g2 -7

fi?<g?

(Zl figijzg(imax(fiz’g‘z)J (gmin(f‘z’giz)j :(Zl fin (Zlgzj—(zl h?,g(i)J(i hf,g(i)j.

The above inequalities are homogeneous of degree 2. So, the theorem follows from lemma

1.11 via theorem 1.4.

2. DISCRETE INEQUALITIES VALID ONLY FOR SPECIAL SEQUENCES.

Definition 2.1. Given conditions ¢ and C

1. (f,g) isa @ -sequence if (f,g) satisfies @, written @(f,0)

|



2. (f,g) isa C -sequence if (f,g) satisfies C, written c(f,g)
3. C forces @ if c(f,g) implies Vn @(,F, ,G,) for the Riemann analogs ,F and ,G, .

Many important classical inequalities apply to sequences satisfying special conditions C. We
can derive analytic inequalities valid for functions that satisfy analogous conditions @ by the
methodology of theorem 1.4 when C forces € .

Lemma 2.2. If C forces €, then

23) ef,§) = R(i(pl(fi,gi),i(pz(fi,gi)jgS(i(pl(fi,gi),i(oz(fi,gi)j implies

(24) R(angol(n fi' ngi)’igpz(n fi’ ngi)jS S(angol(n fi’ ngi)1i¢2(n fi! ngi)j'

Lemma 2.3. (We will define the terms later). If f is positive ( monotone, convex, concave),
then the Riemann analog | F, =f(a,) is positive (monotone, convex, concave).

Recall that nA, =b-a . Itis used extensively in the rest of section 2.

The discrete versions of theorem 2.4 are from Marcus and Minc [1], pp 105-106.

Theorem 2.4 (Power Mean Strength and Convexity). For 0<r <s and 1< p<2.

[t ot g [Itof @at |
b-a b-a

n n n

Z|fi+gi|p 20 el

C i=1 < i=1 + i=1

n

2 +9i|p71 le| fi|p71 Zl:|gi|pl

i=1 i=




[1f®+g@)dt _ [11° et ) [lol” @yt
[Itm+oo dt |17 mdt [|o]”" @Ot

Proof 2.4.2. Substitute the Riemann analogs in (2.4.1) and rewrite as

n % n s
z n firAn z n fiSAn
i=1 < i=1

n-A, | neA,

Proof 2.4.4. Substitute the Riemann analogs in (2.4.3), R and S are homogeneous of degree 0.
The theorem is immediate from theorem 1.4. [ ]

The proofs of theorems 2.5, 2.7, and 2.10 (below) are similar and therefore omitted. One can
choose the style of the proof, 2.4.2 or 2.4.4.

Definition 2.5.

1. Function fis monotone on the interval [a,b] if vx,ye[a,b] x<y= f(x)< f(y)
2. The n-sequence (f,..., f,) is monotone if Vi<n f <f_,.
Theorem 2.5 (Chebyshev's sum inequality). For all monotone f and g and functions f and g
2h2e 2fo

P S = S

n n n

(Marcus and Minc [1], pp ??)

f b f (t)dt Jb g(t)dt 3 jb f (t)g(t)dt
b-a b-a b-a '

Definition 2.6.

1. Function f is convex on the interval [a,b] if VX, yg[a, b] and Vte[O,l]
f(tx+@-t)y)<tf (x)+@-t)T(y)
2. The n-sequence (f,..., f,) isconvexif Vi<n 2f <f_ +f,,.

3. Concave is defined by reversing < in (A) and (B) above.



Theorem 2.7 (Jensen inequality). If ¢ Is a convex function, for all monotone f and g and

functions fand g
Z figi Z f.(”(g|)
1. | 2 <=t (Marcus and Minc [1], pp ??)

i) X
i=1 i=1

J, f0a0adt| [ 1 @e(g@)dt
[foa | [ o

3. If @ Is a concave function, the above inequalities are reversed.
Taking Vi f, =1and f the constant function 1 (Vt f(t) =1),

Corollary 2.8 (Jensen inequality). If ¢ is a convex function,

n

Zgi _Zn:(/)(gi)
< iz

i=1
n n

1. ¢ (Marcus and Minc [1], pp ??)

b b
[foat] [ o(g®)dt
@ <=
b-a b—a
We now provide an analytic version of the (logarithmic ) arithmetic-geometric Mean inequality.
Theorem 2.9 (Arithmetic-Geometric Mean inequality). For all positive f,

o[ 1, 1, Mt fptf
n
Theorem 2.10 (Logarithmic AGM inequality). For all positive f and f

anln f Z f
1. =2 <n| =2 —
n n



[ In(f (1)t o [[f(t)at |

b—-a b—-a

Corollary 2.11. (Analytic AGM inequality). Exponentiating both sides of 2.10.2,

J‘:m(f(t))dt Ibf(t)dt
e ba <=2
b—a
To better understand (2.11) we apply it to f(t)= eland f(t)=t.

Corollary 2.13.

1. Forf(t)=€', €2 <

2. For f(t)=t,

binb-alna<(b—a)+

3. DOUBLE SUMS AND INTEGRALS.

Going from a double sum inequality to a double integral inequality is analogous. Our first
result, theorem 3.1, is straightforward using the methods of the previous section. We consider

the version of Lagrange’s identity produced by replacing Z[Z(figj — fjgi)zJ by

i=1 \_j=1

i[i(figj—f,-gi)zj

i=1 \_j=1
2

Theorem 3.1 (Lagrange’s Identity).

n n n 2 Z[Z(figj_fjgi)zj
1. [z fizj(Z gizj—(z figij AN > (Marcus and Minc [1], pp 110)

> (Ib o dt)(r gz(t)dt)_(fab f (t)g(t)dt)2 < I:a(Lb—a[f (S)g(t)z— f (t)g(S)]st)dt




Proof 3.1. Substituting Riemann analogs in 3.1.1 and multiplying by A ?, we get

n !

z(zu.n G |

Recall that the existence of ”R is very strong and so we may calculate it using any sequence of

partitions, in particular the totally regular ones.

Taking lim of both sides of the inequality and noting that the right hand side is a Riemann sum

n—w

for Hﬁ[f (s)g(t)— f (t)g(s)I*dsdt where R =[a,b]x[a,b]and replacing it by the iterated

integral | b( Lb:a[f (5)g(t) - f(t)g(s)]zds)dt yields 3.1.2. m

Similarly, there is an analytic analog for the Binet-Cauchy identity (Marcus and Minc [1], pp ?)

i(i(ei f; —e; f)(g:h; _gjhi)]

D) P

Our next result theorem 3.7 (Minkowski’s double sum inequality) needs more

justification. The key is lemma 3.5 which generalizes Fubini’s theorem.

Henceforth, we assume a region R =[a,b]x[c,d] and a function f (s,t) continuous onR.
Note that f (s,t) is uniformly continuous onR.
Definition 3.2.

A a :a+L(b-a), c, =c+i(d —-C), A% :H, and A°, :E.
m n m n

B. The(i, j)—Riemann analog of f (s,t) is
omFip = F(a.c), (i=1.., myand (j=1..., n).

C. The Riemann sum for ﬂR f(s,tydtds isR,, => "> f(a,c;)A, A*.

i=1 j=1



When convenient, we will allow partitions to be indexed from negative integers as well yielding

the Riemann sum for ”R f(s,t)dtds isR,, , Z z f(a,c,)A%, A%,

i=—m j=-n

Lemma 3.3.

lim ZZf(a,,c)Ac A* ijf(s,t)dtdsand

(m,n)—(o0,0) i1 1

A.
lim ZZf(a,,c)Ac A* ijf(s,t)dtds.

(mn) (o) b
.L'L*;Z(LEQZM a.pA )A ﬁc(ﬁaf(s’t)dt)ds

Theorem 3.4 (Fubini’s theorem, (Stewart [2], pp 997)).

A []. (s tydsc =jt‘;( [ f(s,t)ds)dt.

a Cc
B. (mnl)ﬁ?m)Z(nm) FanA A —MQZ(“”‘Z(nm) A )A

Theorem 3.4B follows from Theorem 3.4A by lemma 3.3.

Lemma 3.5 below states that a doubly indexed limit can be replaced by iterated singly indexed
limits. Fubini’s theorem is immediate, taking ¢(t) =t.
Lemma 3.5 (Iterated Integral justification). Given f(s,t) and a function ¢(t) continuous on

[p.a], the image of [c,d] under the function ’ f (s,t)ds, then

s=a

lim Z(p{Zf(a C)A, }AC = [ ol f(s.tds]t.

(m,n)—>(o0,0)
Proof 3.5. The key step is lemma 3.6, a consequence of the uniform continuity of f (S,t)on R.

Lemma 3.6 (Uniform Integrability). Given f(s,t), V& >03M Vm>M Vte[c,d]

m

I: fs.c Jds—> f (ai,cj)b_—a

i1 m

<é&.




Theorem 3.7 (Minkowski’s double sum inequality).
Vp >1 with positive double sequence f, ; and function f (s,t) continuous in the region [a,b]x[c,d]

1

n m p i m n
1. (Z(Z fi'jj Jp SZ[Z fi'jpjp (Marcus and Minc [1], pp 109)
]= i=1 i= j=1

= gL 060" = O p(S,t)dt]%ds

Proof 3.7 Substituting Riemann analogs in 3.7.1, multiplying both sides by
1 1

A""m"E =A", and ACHE, and taking lim  of both sides, we get

(m,n)—>(o0,%0)

j=1 i=1

1 1

n_/.m P p m (. n )
lim FioA% | A% | < lim Fii\PA% | A%
[ S(Semonn [ < m 3R]

Applying lemma 3.5 to the left side with ¢(t) =t” and applying lemma 3.5 to the right side with
1

o(t) = tp yields the theorem. [

Young’s Convolution Inequality is treated similarly, but we need some transfer theorems,
namely theorems 4.1 and 4.3. In the rest of this section we assume integers

1 <p,q,r<oo satisfying 1+1=£+1.
p

q r
Theorem 3.8. (Young’s Convolution Inequality). Suppose fis in L¢(R9) and g is in L¢(R?). Then ,

([Fcr *g)“(t)dt))i <([ 1 ”(t)dt)‘l] (r gq(t)dt): restated as

L 1 1

U(f f(t)g(x—t)dt)r ds)jr < (j f p(t)dt)p .(nga(t)dt);.

When convenient, we will allow partitions to be indexed from negative integers as well yielding

The Riemann sum for _UR f(st)dtdsisR,,=> > f(a,c,)A°, A,

i=—m j=-n

Lemma 3.9.


http://en.wikipedia.org/wiki/Lp_space

m

im Y f(a.c)A, A% = [[. f (stydtds

(m,n)—(c0,0) i—m j—n

R denotes the Reals. So, R" denotes Euclidean n-space and R*denotes the non-negative Reals.

Definition 3.9. The right regular step functions , ., ;, for function fon R=[a,b]x[c,d] is
defined by
o S (% Y) = (ai,cj), a,<x<aandc,<y<c,,(i=L.., m)and (j=1..., n).

Note that the step function values are just the Riemann analogs , . Fi; = f (ai,cj )

The canonical (finite support) step functions for function f are the step functions
omSa.p = f (i, J)for the intervals R =[0,m]x[0,n]. Note that A® =1and A°, =1 for these

step functions.

Applying a universal inequality to its canonical step functions yields a universal discrete
inequality. This paper examines when the universal discrete inequality can be used to derive
the universal analytic inequality.

Applying Young’s convolution Inequality to its canonical step functions yields lemma 3.10
below. We will show how it can be used to derive the full analytic inequality , theorem 3.8.
Our proofis circular; we just want to illustrate the passage from discrete to analytic inequality.
Perhaps a clear insightful proof of lemma 3.10 will be found.

Lemma 3.10. (Z(Z figjij ] g(z fipjp(zgiq)q
j=1 \ i=1 i=1 i=1
Proof 3.8. By theorems 4.1 and 4.3, it suffices to prove

Lemma 3.11. (i(i(f(ci)g(aj _Ci)Aamj Acn]r g(zm: fipAamjp (Z”: gichnjq

j=l i=1

4. INEQUALITY FOLKLORE IN LIGHT OF THE RIEMANN ANALOG METHOD.

Inequality folklore imparts practical advice:

1. When encountering a general discrete inequality, ask if there is an analytic analog.



2. When trying to prove an analytic inequality, ask if there is a discrete analog which is
easier to prove.

A key insight is we must start with a very general inequality valid for all n and all collections of
n-sequences satisfying a C-condition. Homogeneity is usually needed.

The discrete inequality usually will have a clear, insightful proof. Standard multi-variable
extrema techniques, especially the method of Lagrange multipliers, usually provides a proof,
[bbbb] for example. It should be noted that many important inequalities follow from each
other, [bbbb] [bbbb]. Also noteworthy is the fact that the general analytic inequalities show
that certain spaces have an inner product or a norm.

The Riemann analog method illustrated in this paper provides the analytic inequality for
continuous functions on finite regions. This suffices to establish the inequality for arbitrary

Lesbegue integrals by theorem 4.5, providing inequalities for L” (R") spaces and I” spaces.

Lang [1] is our basic reference for notation and concepts for Lesbegue integrals and spaces. To
simplify theorem statements, we assume a function ¢(t) continuouson R (or R* when we

deal only with positive functions f ).

Lemma 4.1 (Dominated convergence theorem). Let g € L'(R") and < f, > be a sequence of
Lesbegue integrable functions with Vi | fi| <g.lfgel'(R") and < f, > beasequence that

converges pointwise to f e L'(R")
then [ f. L(R")-convergesto [ f.
R R

Lemma4.2. Let geL'(R") and < f, > beasequenceof Lesbegue integrable functions

with Vi | fi| <g.lfgel'(R") and < f, > beasequence that converges pointwise to
f e *(R"),, then Loi go[J.RH f.(s,t)dt]ds L (R")-convergesto Loi ¢[J.Rn7l f (s,t)dt]ds.
L o(f(t))dt and JR qz)[jRn f (s,t)ds]dtare called integral expressions.

Definition 4.3. The function f is continuous with compact support if there exists a finite

(compact) region R = R"with f continuous on R and O elsewhere.



Lemmas 4.1 and 4.2 combined with the density of continuous functions with compact support
in L'(R")yields

Theorem 4.3. Let R(X,Y) and S(X ,Y) be continuous at“ f ,J'gj. If for all continuous
R R

functions f and g and finite regions R = R", R(Jf,JgJSSUf,JgJ,
R R R

R

then RU f ,IgJ <S U f ,ng. for all Lesbegue integrable functions
R R R R
f and gand regions R < R".
e combine and summarize the main results of this paper in
Theorem 4.4 (Inequality transfer to Lesbegue spaces theorem). Let R(X,Y) and S(X,Y) be

continuous at[j f ,J.g] . If for all continuous functions
R R

f and g and finite regions R = R", RUf,JngSUf,Ig],
R R R R

then R(I f ,IgJ <S U f ,J‘g} for all Lesbegue integrable functions

R R R R

f and gand regions R = R".
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N—oo

. L d b
lim (p[llm E f(ai,cj)Aam}ACH :L (o[.[ f (s,t)ds]dt, but more importantly
m-—so0 4= =c s=a

Definition 3.1. (f *g)(x) = _[b f (t)g(x—t)dt denotes the convolution of functions f and g.

Lemma 3.2. For functions f and g.
1. ,F G, , isthei-Riemann analog of f (t)g(b—t).

2. Y F,G, A, =[ (F*g)t)t.

n—o0 =

Corollary 2.9 (Jensen concave inequality). If ¢ is a concave function,


http://www.jstor.org/stable/10.2307/2322359?Search=yes&resultItemClick=true&searchText=(jensen%27s&searchText=inequality)&searchUri=%2Faction%2FdoAdvancedSearch%3Fq4%3D%26amp%3Bc3%3DAND%26amp%3BSearch%3D%26amp%3Bf4%3Dall%26amp%3Bc5%3DAND%26amp%3Bq3%3D%26amp%3Bed%3D%26amp%3Bf3%3Dall%26amp%3Bq2%3D%26amp%3Bq6%3D%26amp%3Bq1%3D%26amp%3Bf5%3Dall%26amp%3Bla%3D%26amp%3Bjc.TheAmericanMathematicalMonthly%3Dj100069%26amp%3Bwc%3Don%26amp%3Bc2%3DAND%26amp%3Bf1%3Dall%26amp%3Bisbn%3D%26amp%3Bf0%3Dall%26amp%3Bc4%3DAND%26amp%3Bc1%3DAND%26amp%3Bq5%3D%26amp%3Bar%3Don%26amp%3Bc6%3DAND%26amp%3Bf2%3Dall%26amp%3Bpt%3D%26amp%3Bq0%3Djensen%2527s%2B%2Binequality%26amp%3Bacc%3Doff%26amp%3Bf6%3Dall%26amp%3Bsd%3D
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http://www.jstor.org/stable/10.2307/2318258?Search=yes&resultItemClick=true&searchText=(jensen%27s&searchText=inequality)&searchUri=%2Faction%2FdoAdvancedSearch%3Fq4%3D%26amp%3Bc3%3DAND%26amp%3BSearch%3D%26amp%3Bf4%3Dall%26amp%3Bc5%3DAND%26amp%3Bq3%3D%26amp%3Bed%3D%26amp%3Bf3%3Dall%26amp%3Bq2%3D%26amp%3Bq6%3D%26amp%3Bq1%3D%26amp%3Bf5%3Dall%26amp%3Bla%3D%26amp%3Bjc.TheAmericanMathematicalMonthly%3Dj100069%26amp%3Bwc%3Don%26amp%3Bc2%3DAND%26amp%3Bf1%3Dall%26amp%3Bisbn%3D%26amp%3Bf0%3Dall%26amp%3Bc4%3DAND%26amp%3Bc1%3DAND%26amp%3Bq5%3D%26amp%3Bar%3Don%26amp%3Bc6%3DAND%26amp%3Bf2%3Dall%26amp%3Bpt%3D%26amp%3Bq0%3Djensen%2527s%2B%2Binequality%26amp%3Bacc%3Doff%26amp%3Bf6%3Dall%26amp%3Bsd%3D
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2.09) |29,
R < | 1L (Marcus and Minc [1], pp ??)
n n

1

“og®)dt [ [ o)t
a < a

b—a =9 b—a

J:In etdt J'b etdt

e ba <

b2—32 eb
e 2(b-a) <

Lemma 3.5 is all we need. Note that Lemma 3.5 its proof provides the bound 2(b—a)&in more
general situations: _[: f with u<b since u-a<b-a. arbitrary partitions P with |P| <o ofthe

proof.

lemma0.2. lmY F b-a_ limy f [a+l(b-a)j-b'Ta:J: f (t)dt.
i=1

nN—o0 i n nN—o0 -1 n

. i b-a
Riemann sum for f(s,t) refers to the Canonical Riemann sum Z f (a +—(b- a)j N —
i=L n n

Also , since wa(x)dX:Iim bf(X)dx,the above theorems are valid for b= .

b—wda

| is the value of the definite integral of f over the interval [a,b]. The definition justifies
considering the definite integral as the sum of infinitesimal values over [a,b].



Definition 2.1. The sequence a =X, <X...,.<X,=bisa partition P of [a,b]. The norm |P|of P is
the largest value of AX, =X —X_; (i=1,..., n). An & - partition is a partition with norm less than

5 (A%<5 i=1,.., n).

Any analytic inequality has discrete analogs for all n by the use of step functions. In fact, the validity
for associated step functions establish the validity for the analytic versions .

The analytic inequalities for intervals [a,b] extend to improper integrals and Lebesque integrals, as well
as infinite sequences, in a standard manner. They say important things about vector product and

Norms in Lp and Ip spaces.

Proof of Thm 3.6
Wikipedia [4] is a good reference to fill in gaps in my proofs.

The sequence a =X, <X,..,<X,=bisa partition P of [a,b]. The norm |P| of P is the largest

value of AX, =X —X_; (i=1,..., n). An O - partition is a partition with norm less than & (AX;<J
Definition 3.3. Given a function f(t), an interval [a,b], and a partition P of [a,b],

1. Thesequence a=X,<X...,<X =bisa partition P of [a,b]. The norm |P| of P is the largest

value of AX. =X —X., (i=1,..., n). Each [X_, —X ]is a cell of P.

_ min f (t) and M, = max f (t)
te[X,X,] te[X, ]

3. L(f,P)= ZmiAXi ,and U(f,P)= Z M,Ax; denote the lower and upper Darboux sums.
i=1 i=1



Lemma 3.4. For function f(t), partition P, and sequence C, €[X,X ,] (i=1,.., n),
If Vi [M;,—m|<e, then

U(f,P)—L(f,P)|<(b—a)e

2. _[:f(t)dt—L(f,P)‘s(b—a)g since L(f,P) < j:f(t)dtsL(f,P), by 3.4.1.

3. Zn:f(ci)Axi—L(f,P)

<(b—a)e since L(f,P)sZn:f(ci)Axi <U(f,P), by 3.4.1.

Ix f(t)dt—zn“ f(c.)AX < 2(b—a)e

Proof 3.4. 3.3.4 follows from the triangle inequality. m

Lemma 3.6 (Uniform Integrability). Given f(s,t), V& >03IM Ym>M

vj<n, j f[s,c;|ds— Zf(ac) & < 2(b-a)e.

Proof 3.5. f (s,t)is uniformly continuous on R Thus Ve 36 for all partitions P with |P| <&,
(%,¢;) and (y,c;) belong to the same P-cell implies

f(x.¢))-f(y.c)|<e
1 .
Now choose an M with M<5' vm>M Vi |Mi—mi| <& and 3.4.4 applies. m

Lemma 3.6 (Iterated Integral justification). Given f(s,t) and a function ¢(t) continuous on

[p.q], theimage of [c,d] under the function Lb:a f (s,t)ds, then

lim Z(D{Zf(a C)A, }AC = [ ol f(s.tds]et.

(m,n)—(o0,0)
Proof 3.6. We show V(e+(d—c)e) AN Vm,n> N

}%_ tic¢[jsia f (s,t)ds]dt| < & +(d —c)e.

(3.6.1)

iw{g f (ai'cj)b__a

= m



b
First, '[ f (s,t)ds exists for all t and is a continuous function of t. Hence
S=a

J':C ol Lb:a f(s,t)ds]dt exists. So, Ve IN,Vn > N, the normal n-partition P yields

<é&.

(3.6.2) ‘Ld_c (p[L f (s,t)ds]dt — Z(p[J' dS]TC

In view of (3.6.2), (3.6.1) follows from M >N, Vm>M

go(j:f(s,cj)ds)—(p(izrl:f(ai,c) — j

which would follow from IM >N; Vvm>M

n

2.

=t

@=9) (40
n

(3.6.3) Vj<n,

o[, 1 (s,cj)ds)—go(iz:; f (ai,cj)b‘?aj <e

Proof 3.6.3. ¢(t) is uniformly continuous on[p,q], so
Ve 35 VLt [t—t'|< 5 implies [@(t) — p(t) |< .

Now, for 2(%, lemma 3.5 providesan M >N, vm>M

_a)
vi<n, |[ f[s.c;]ds- Zf( ! J) <20 )2(b5—a)' :
vj<n, (/)(J-:f(S,C-)dS)—(o(if(al,Cj)b_Taj<8. n

Young's inequality for convolutionsiedit

In real analysis, the following result is also called Young's inequality:®

Suppose fisin Lp(RY) and g is in LY(R?) and

1 1 1
—+-=—-+1
p g T

with1<p, g, r<«. Then


http://en.wikipedia.org/w/index.php?title=Young%27s_inequality&action=edit&section=7
http://en.wikipedia.org/wiki/Real_analysis
http://en.wikipedia.org/wiki/Young%27s_inequality#cite_note-6
http://en.wikipedia.org/wiki/Lp_space

1f = gl < [1£1lpllgllq-

Here the star denotes convolution, L* is Lebesgue space, and

Il = [ 1f@rdr)

denotes the usual L» norm.

Theorem 3.8 (Binet-Cauchy Identity).

- (iznl:eigij[iznll fihij_[-zn:eihij(zn: f-gl)giznl:[;(el i )J (Marcus and Minc

2
[1], pp ???)

( [ e(t)g(t)dt)( [ (t)h(t)dt)—( j:e(t)h(t)dt)( [ (t)g(t)dt) <

* fb(fb [e(s) f (t) —e(t) f (s)]-[9(s)h(t) — g(t)h(s)]ds)dt
2

o i[z(fg, f,-gifj
1. (Z ff](z g; J (Z fo, j e (Marcus and Minc [1], pp 110)

i-1 i1 2

2 ([} 12 @at) ([} o*at) ([ 1 (t)g(t)dt)2 . Jole (s)g(t)z— FOg(s)ds et

2
Proof 3.7. Substituting Riemann analogs in 3.7.1 and multiplying by (b—_a] , we get
n

(Izn: F2. b- aj(z G2 b- aj (Zn:n s b- a] S;[;(n .G, ”Z‘ G- bna} br-]a.



http://en.wikipedia.org/wiki/Convolution
http://en.wikipedia.org/wiki/Lp_space

Taking lim of both sides of the inequality and noting that the right hand side is a Riemann sum

n—ow

for HR[f (s)g(t) - f (t)g(s)]*dsdt where R=[a,b]x[a,b]and replacing it by the iterated

integral | b( _Lb:a[f (5)g(t) - f(t)g(s)]zds)dt yields 3.7.2. m

We consider the version of Lagrange’s identity produced by replacing

o _"[i(figj—f,-gi)ZJ
Z( (fig,.—fjgif]by :

i=1 2

j=



