Higher Order Derivatives of F(x,...,X)

Abstract: We provide an easy technique for computing the derivative and higher
order derivatives of expressions f(x,..., X) with many occurrences of x. The main tool is
the multivariate chain rule

The derivative of expressions f(x,..., X) is the sum of the derivatives of the expression
with respect to each occurrence of x.

The derivatives of f(x)g()h(), X* J: f (x,t)dt, and LX fo(u,v)dudv are easily

found, as well as the higher order derivatives of the latter two functions. Leibnitz rule
for D" (f(x)g(x)) is another easy consequence.

0. INTRODUCTION. We provide an easy technique for computing the derivative
and higher order derivatives of expressions f(x,..., X) with many occurrences of x. The
main tool is the multivariate chain rule

The derivative of expressions f(x,..., X) is the sum of the derivatives of the expression
with respect to each occurrence of x.

The derivatives of f(x)g(x)h(x), XXX, J:f(x,t)dt, and f _[jf(u,v)dudv are easily

found, as well as the higher order derivatives of the latter two functions. Leibnitz rule
for D" f (x)g(x) is another easy consequence.

Df (X,...,x) and D" f (x,...,x). D represents differentiation with respect to the variable x
and D, represents partial differentiation with respect to the variable u. If there are less

than two variables, we will useuandv.  f(u,,... 9 denotes substituting x

\Un,) (U el ) =(X...

for each of the variables u; inf. So, f(u,,... )= f(X,..., X)..

Un) (TR B GO
Marsden and Tromba [2] is our basic reference for notation, concepts, and techniques.

Justification in it for the basic results of elementary calculus are as follows: Lemma 0.2
(Theorem 1, pp 173), Theorem 1.1 (Theorem 11, pp 135-138).

When we are interested in  D"f , we assume f is n-order differentiable in a region R,

Assumption 0.1. All partial derivatives, including mixed partials, of degree less than or
equal to n exist and are continuous in R.

Lemma 0.2.



A. (Equality of mixed partials). D, o D, =D, °D, foralli,j < m.

B. (Binomial Expansion). D, +D,) =) ()D,/D,"
i=0

1. MAJOR THEOREMS.

Theorem 1.1 (Multivariate Chain rule ).
Let f(u,,...,u,) be differentiable in region R and ((u,(x),...,u.,(x)) be a differentiable

parametrization of a curve of R, then

D f(X..X) = of du
o ou,  dx

Writingaa—f as D, and replacing O(Iji by 1,
k X

Uy

Corollary 1.2 If u,(x)=xk=1,...,m, then

A. D f(X..,x) = {Z D, f(u,,....u, )J
k=1 Ui X, X)

B. Df(X...x) =[(D, +-+D,)f (ul,...,um)](u

1o -l )=(X,00 1 X)

Theorem 1.3. If u, (X)=xk=1,...,m, then

A. D"f(X,...x) =[(D, +~++D, )" f(Uy... u,) |

(Ul ) =X, X)

B. (m=2) D"f(x, x){i(?)(DU‘DV“-‘)f(u,v)}

(u,v)=(x,x)

Proof 1.3A. At first (1.3A) looks obvious by iteration of Corollary 1.2. Then one
realizes that there is a substitution of variables at each iteration. The below simple
induction on n examines the variable substitution and proves (1.3A). To clarify the main

idea, we take m=2 and only prove D"f(x,x)={ D, +D, ) f (u,v)] s

For n=1, (1.3A) is just Corollary 1.2B.
For n>1, assume D"f (X, x) =K D,+D,) f (u,v)]

Let F(x)=( D, +D, ) f(u,v)] R
D™'f(x,x) = D"f(x,x))=Df D,+D, )“f(u,v)J

u, v X,X) '

,=Df ()

UV X,

=[(D, +D,)(D, +D,)" f (u,v)] s vy DY CorOllary 1.2B. m



2. APPLICATIONS.

The following handy formula is easy to use. It is the main theorem of Halpern [1] where
it provides easy of computation of the derivatives of f(x)g(x)h(x), Nal , J;X f(x,t)dt,

and E J;X f (u,v)dudv. Basically, when all uf x)=x and we are taking partial

derivatives, all u, being held constant can be replaced by c to facilitate the
differentiation, ¢ being replaced by x afterwards.

Theorem 2.1.
D f(x,..,x) = Df(xc,..,c)+Df(c,x,...,cC) +,...,Df (c,c,..., X)

Application 2.2. Dx*=Dc* +Dx® =Inc-c* +cx® =In x-x* +x*
Application 2.3. Start the below differentiations as indicated.

A. Dx* =Dx® +Dc* +Dc”

B. DJ: f(x,t)dt = DJ: f(x,t)dt + Df f (c,t)dt

C. Df L f (u,v)dudv = Df L f (u,v)dudv + Df f f (u, v)dudv

Application 2.4 (Leibnitz’ rule for products).
D"f(x)g(x) = ()D'f (x)D""g(x)
i=0

Proof 2.4.
View f(x)g(x) as f (u)g(v)with u=x and v=x. Since f(u) is a constant wrt v and each

D,’g(v) is a constant wrt u (j=1,...,n), theorem 1.3B yields

an(X)g(X){i(iﬂ)(DuiDvni)f (U)Q(V)} :|:i(in) D,'f (u) Dvnig(V)} u
i=0 (W=(x0) (=(x0)

i=0

Applications 2.6. and 2.7 use the below lemma. Note the summand lower bound
changing from i=0 to i=1 in (2.6) and (2.7) and the summand upper bound changing from
iI=ntoi=n-1in (2.7).

Lemma25. Foriz1,0,D,' [ f(v,t)dt=D,"D/f(v.,u)

Application 2.6. D" J: f (x,t)dt =[LX D,"f(v,t)dt]  +> (MDD, f (V,U)] yux x0
M= T
Proof 2.6. Theorem 1.3B vyields



D" L f (x,t)dt {g(ro D,/D,™) f f(v,t)dtJ )=[§:({‘)Du‘ j: DV“"f(v,t)dtJ

= [E D," f (v, t)dt + Z (")D,"'D,™)f (v, u)J |

UV X,X)

UV X,X u V€ X,X)

Application 2.7. D" LX LX f(s,t)dsdt =

[[ D/ fvtd] +[[ D/ 'f(s,u)ds] + Z (O, ™D, ) F WV U] g

Proof 2.7. Theorem 1.3B yields
D" [ Xf(s,t)dsdt:[n (")(D,'D,™") f(s,t)dsdt} =
[y )) [l

(u,v)=(x,x)
{ [ D/ (v,0dt+ [ D F (s,u)ds +§(p)(oui-lovn-i-l) f (v,u)}

The first summand corresponds to i=0 and the second to i=n. =

(UV)=(xx)

3. STATEMENTS FOR m>2.

Below, lemma 3.1 corresponds to lemma 0.2, theorem 3.2 corresponds to theorem 1.3,
and application 3.3 corresponds to application 2.4.

Lemma3.1. (Multinomial Expansion). (D, +---+D,)"= > (", )]] Dy

Ky+,..., vk =n 1<tsm

Theorem 3.2. If u,(X)=x,k=1,...,m, then

D' (%)= Y () ([1DF (U, u,)

-----
+,,tK = <t<
etk =0 1stsm Ugpe U F Xy X

Application 3.3 (Extended Leibnitz’ rule for products).
For m differentiable functions f,(x), i=1,...,m,

D[] 0= Y (. " )]]D“f(x).

1<t<m ky+,..., Kk, =n 1<t<m
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