Distributive Normal form

Problem:
Show that for sets I and J and indexed collection of sets {S, ; :i € I, j € J}, there exists a set J” and an

indexed collection of sets {S; ; :ie I, j € J} such that

ﬂUSi,i :U ﬂsm :ﬂU Si
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Proof:
SetJ’= J', the set of all functions from I to J and define S, [ =S, ;, foreach f €J'. We claim

ﬂUSi.j :U ﬂsi,f :ﬂ U S

iel jed fed' el iel feJ!
The first equality is just the generalized distributive law. Now

it xe | (S then 3f, suchthat VixeS, . SoVixe [ JS;,. Soxe([J S,

fel' el fed! iel fel!
Conversely,

it xe[ ]S, then Vi3f,, suchthat xeS,, =S

RMON
iel feJ!

Now define f by f(i) = f (i)

XeS SoxeS

RMON i1 (i) :Si’f' So Vixe U Si,f'

fed!
Comments:
1. Asimilar theorem and construction works for ﬂ U S;,; for indexed sets J,
iel jeJ;
2. If landJare finite, a similar theorem holds inI an;/ Bloolean algebra, in particular any first order
logic (Note the concepts of Disjunctive (Conjunctive ) Normal Form).

3. | first noticed this theorem while constructing a Craig interpolant in first order logic.



